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Abstract 

A model of the motion of a heavy gas cloud down a uniform slope in calm ambient conditions 
is extended to include a model for the dilution of the cloud. The dilution is modelled assuming 
that entrainment is based on the advection velocity. The model’s main predictions appear to be 
broadly consistent with the experimental observations. Model parameters are an entrainment 
coefficient and a frontal Froude number, and values for these have been determined by fitting to 
the experimental data. 
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1. Introduction 

Many hazardous substances (which may be stored in large quantities on industrial 
sites) can, if released into the environment, result in the formation of a heavy gas cloud. 
The dispersion of such a gas cloud is of significant practical interest, particularly in the 
assessment of possible hazards associated with industrial plant. Integral (or box) models 
are commonly used for predicting the dispersion of such hazardous clouds, and an 
understanding of the main influences on the dispersion needs to be built into such 
models. 

One such feature is the influence of sloping ground on dense gas dispersion. The 
slope is expected to have a significant effect upon the initial motion of the cloud, by 
virtue of the resultant gravitational force component acting down the slope. Addition- 
ally, the presence of a slope might significantly influence the geometry and dilution rate 
of the cloud as compared with that over flat ground. 

Currently published integral models for instantaneously released clouds ([ 1 I; [2]) are 
generalisations of flat ground models and include models for the advection of the cloud 
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by applying a balance of gravitational and drag forces for the bulk cloud. An alternative 
advection model ([3]) has been suggested which involves the advection of a wedge 
shaped cloud down a slope, with the motion resulting from a balance of gravity and air 
resistance at the front. This wedge shaped model is appealing because it is based on a 
similarity solution of the shallow water equations, although the validity is questionable, 
as the solution is derived for the case of a non-entraining cloud. 

The subject of this paper is the addition of an entrainment model to the wedge 
advection model of Webber et al. [3]. As we believe that it is desirable to understand 
first the influences on dispersion in isolation, we restrict discussion to that of dispersion 
in calm conditions where dilution is by virtue of the cloud’s motion under gravity. The 
case of an isothermal cloud which conserves buoyancy will be considered, as this allows 
analytical solution of the model equations without recourse to numerical solution, yet (in 
principle) is readily generalisable to include non-isothermal clouds. Experimental data 
([4,5]) will be used for comparison with the main predictions of the model and for 
determining possible values for empirical coefficients. 

2. The model of Webber et al. 131 

Webber et al. [3] presented a model of the motion of a heavy gas cloud released 
instantaneously on a shallow uniform slope. In that work it was demonstrated that the 
shallow water equations for a non-entraining cloud on a slope, together with suitable 
boundary conditions, permit a shallow “wedge” shaped cloud to be formed. Webber’s 
model of cloud motion on a slope is based on this similarity solution. The solution relies 
on a resistive force at the cloud front which balances the gravitational force, analogous 
to the frontal relationship for gravity slumping on flat ground. Only the advection 
velocity of the cloud was modelled. In comparisons with experimental data, air 
entrainment was not modelled, but estimated from concentration measurements. 

Before discussing how we can extend the model to include air entrainment, it is 
useful to summarise the cloud geometry and the advection model of Webber et al., as 
these will also be applied to the entraining cloud model. 

2.1. Cloud geometry 

The geometry of the cloud is wedge shaped, with the cloud’s lateral extent being 
predicted as T times the downslope extent and the top of the cloud horizontal. The 
cloud shape is shown schematically in Fig. 1. The cloud maintains the same shape and 
does not get wider as it moves down the slope: the frontal motion of the cloud is such 
that in the absence of entrainment the spreading results in bulk movement down the 
slope. As the cloud geometry is fixed there is only one length scale for the cloud; we 
take this to be A, the horizontal extent in the down-slope direction. The gradient I of 
the slope is defined to be the tangent of the angle that the slope makes with the 
horizontal. For simplicity we refer to I simply as the slope. The maximum height of the 
front edge of the cloud is H = rA. 
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r= tan 6 

Fig. 1. Geometry of the wedge shaped shallow water similarity solution (from [3]). 

Many geometric quantities of the cloud are found to involve integral coefficients of 
the form 

0, = jr’* cos”’ d w 
-rr/* 

(1) 

For example, the top and edge areas, denoted A, and A, respectively, are 

A,=2$A2 

A, = 20,lI’ (2) 

and the volume V is given by 

v= L&r/P (3) 

The cloud centroid is located a horizontal distance &I from the back edge of the cloud, 
where 5 = 2 08/30n, = 7/12. 

[The above integral values are easily determined, and are given below 

O3 = 4/3 On4 = 3~/8 & = 5~/16 0, = 35rr/128 

The coefficients may be generated by using the relationship 

n-l 
fl, = --n,-2 n 

with 0, = rr and 0, = 2.1 

2.2. Advection velocity 

The front velocity U, of the cloud down the slope is given in [3] by 

lJ, = K,( gTA) I’* (4) 
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where K, is a Froude number for the resisted motion of the cloud edge, g’ = g( p - 
p,>/p, is the reduced gravitational acceleration of the cloud, and r and A are the slope 
and the cloud length scale as defined previously. For flat ground a value of K, = 1.07 is 
found to optimise fits to the Thomey Island trials ([6]). Webber et al. [3] also used this 
value for their comparison of the advection model on a slope. In principle, given the 
different nature of the flow, a different value might be more appropriate. We return to 
discuss this later when we compare the entraining cloud model with data. 

3. The air entrainment model 

We now consider modelling the dilution of the cloud on a slope. The similarity 
solution of Webber et al. [3] is derived for a non-entraining cloud, and solution of the 
shallow water equations including entrainment directly is fairly difficult. Progress might 
be possible by assuming that the non-entraining similarity solution pertains even when 
entrainment occurs. This is not too dissimilar to the way integral models treat gravity 
spreading on flat ground. In this paper we shall pursue this approach, using an 
entrainment assumption to specify the rate of dilution of the cloud. 

The velocity U, is the only velocity scale available, and so (following Morton et al. 
[7]) on dimensional grounds we consider a model of entrainment of the form 

where A is the characteristic area associated with the mass transfer process and or is a 
(dimensionless) entrainment coefficient. We discuss below some possible choices for A 
and or. 

3.1. Choice of entrainment coejfkient 

Ultimately the entrainment coefficient must be determined from experimental mea- 
surements of actual flows. First, however, it is instructive to consider what dependences 
we might expect for this type of flow down a slope. 

Firstly, we shall assume Reynolds number independence of the flow and hence the 
entrainment coefficient. This is expected to be well satisfied for most large scale releases 
in the field and to hold approximately for the experimental data with which we shall 
compare the model. 

If the flow is not stably stratified then one might suppose that the entrainment 
coefficient will take a constant value as for vertical buoyant plumes (e.g. 171). For stably 
stratified flow, the amount of entrainment will be reduced as compared with a non- 
stratified flow. Ellison and Turner [8] investigated two-dimensional dense plumes on 
slopes and found that the entrainment coefficient was dependent on a bulk Richardson 
number Ri defined by 

(6) 
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where h is a measure of the depth of the plume layer, 8 is the angle to the horizontal and 
U is the plume velocity down the slope. Ellison and Turner’s measurements showed that 
the entrainment coefficient fell off rapidly with increasing Ri (and therefore with 
decreasing slope). 

For the case we wish to consider here-that of the wedge shaped dense cloud moving 
down a slope-we can define a Richardson number based on the conditions at the cloud 
front (and on the centreline). The velocity U is assumed to be given by U, in Eq. (4) 
and is hence related to g’H. In this case Ri is a function only of slope. In other words, 
the effect of density stratification appears only through a slope dependence to the 
entrainment coefficient. As in the case of the two-dimensional plumes studied by Ellison 
and Turner, we might expect the entrainment to decrease with decreasing slope. 

3.2. Choice of the area A 

As we are assuming that the geometry of the cloud is fixed, then the area A must be 
proportional to the square of the cloud length scale. 

In principle we could have separate terms for “top” and “edge” areas, with 
different entrainment coefficients for each. This is usually the case for flat ground dense 
gas models which model “top” and “edge” entrainment separately. It can be shown, 
however, that for the assumed wedge geometry the two terms are proportional, and the 
constant of proportionality (which will be slope dependent) may be absorbed into a 
single entrainment coefficient. For our comparison with data we choose A to be the top 
area A,, and note that we could equally well use the edge area A, or some other 
measure of area. Of course we should add the qualification that different choices of A 
will give different entrainment coefficients and that when quoting an entrainment 
coefficient we need to specify which definition of A is appropriate. 

4. Model equations for an isothermal cloud 

The above equations for advection velocity and entrainment rate, together with a 
contaminant conservation equation and cloud geometry, specify the model for an 
isothermal wedge shaped cloud on a uniform slope. Generalisation to include non-iso- 
thermal clouds is, at least in principle, straightforward, following the same approach as 
flat ground box models. 

We may write the equations as 

d X, - = lJ,= K,( gYA)“* 
dt 

dV 
- =A,+& 
dt 

cv = c,v, 
v= f2JA3 

A,= 20,A* (7) 
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Here, C represents the volumetric concentration of contaminant, and the subscript 0 
represents the initial conditions; X, represents the downslope distance of the cloud front. 

In the above we have used buoyancy conservation (the buoyancy is given by 
B, = g’V, and is conserved for an isothermal cloud) to remove the density terms from 
Eq. (5). 

4.1. Solutions of the model equations 

Using buoyancy conservation we may solve Eq. (7). 
The solutions are given here in terms of the cloud length A, non-dimensionalised by 

the value at an initial time t = 0 (here all values with subscript 0 refer to values at t = 0) 

c= n/n, = (7+ 1)1’2 (8) 

with 

r = t/T,, 

giving 

Ar/ATo = 5 2 

v/v,= 53 

c/c, = 5-3 

WJ,, = 5- ’ 
Xf - x,0 
2TdJKl 

=(l-1) 

(9) 

(10) 

4.2. Properties of the solutions 

Immediately we can see from the above solution that for time t B- TO the dependence 
on time is as follows 
a the linear dimension A and frontal distance X, increase as t’12, 
- the top area A, increases as t, 
. the concentration C decreases as te312 and 
. the velocity U, down the slope decreases as t- ‘12. 

It is also instructive to consider the explicit dependences in more detail, especially the 
dependence of the concentration and arrival time predictions upon the slope I, the 
entrainment coefficient olr, and the Froude number K,. 

Firstly, the concentration at a given time t for t xx- TO is given by 

f --) [ Jigiw( ($&)( $i)t-312 (11) 
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The dependence on V, and B, and t follows from dimensional considerations. If there 
were no slope dependence to the product or K,, then the influence of increasing slope 
would be to lead to a higher concentration at a given time. 

We can also consider the dependence of concentration on front position X,, when 
X, B 2T,U,,, and X, ZZ= X,,. This is given by 

(12) 

We note that at a fixed X,, C/C, is independent of both the Froude number and the 
buoyancy B,. The influence of the slope for a fixed entrainment coefficient is to 
increase the concentration for larger slopes. The concentration at a given distance also 
depends fairly strongly (as the cube) on the value of the entrainment coefficient. The 
dependence on volume is as expected from dimensional analysis. 

Also of interest is how the cloud arrival time varies at a given position X, (again 
when X, B- 2T,U,, and X, B X,,>. We find in this case that the arrival time varies as 

(13) 

which depends on the ratio of the entrainment coefficient and the Froude number in 
addition to the slope. We note that for a fixed buoyancy the arrival time is independent 
of the volume of the release. Neglecting any possible slope dependence to CYJK,, then 
the r dependence would be fairly weak by virtue of the one third power. 

5. Comparison with experiment 

Comparison with experiment is essential both for verifying the model and for 
determining the model’s empirical coefficients. Here we give details of a comparison of 
the model with data and of the values determined for the empirical coefficients. 

5.1. The experiments of Schatzmann et al. 141 

Schatzmann and co-workers used a boundary layer wind tunnel to model the 
instantaneous release of a dense gas on an inclined plane in conditions of zero ambient 
flow. Further details of the experimental setup are given in refs. [3] and [4]. A 450 cm3 
cylinder of SF,-air mixture was instantaneously released on a slope in zero ambient 
flow. Each release was repeated five times using identical initial conditions with zero 
ambient wind. Three different slopes ranging from 4% to 11.63% were used. 

In this study, in addition to the centreline arrival times which were determined 
previously ([3]), we have also analysed data from sensors which were placed off-axis- 
this gives information about the lateral extent of the cloud (and also, potentially, 
information on cloud concentration profiles). 
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5.2. Data analysis and interpretation 

5.2.1. Assumptions 
Given the limited available experimental data and the implicit assumptions in the 

wedge model, we make the following assumptions regarding analysis and interpretation 
of the data 

(a) Peak concentrations as measured by sensors are taken to correspond to the cloud 
average values as predicted by the model. 
(b) The arrival time at a sensor is taken to be the time when the peak concentration 
occurs. 
(c) Comparisons are made with the mean values of the five repeats for each slope. 
Estimates of errors are obtained from the standard deviation over these repeats. 
(d) There are no air currents present which affect the cloud, other than those induced 
by the cloud’s motion down the slope. 
(e) The cloud is released effectively instantaneously. 
Concentrations (and arrival times) obtained in this way will be sensitive to the 

measuring instrument (and its averaging time). However, in our opinion, a more 
sophisticated treatment is unwarranted for this study, as it would require making further 
assumptions regarding the motion and dilution of the cloud. 

If the cloud concentration profiles are self-similar, then (at least for centreline values) 
the influence of a non-uniform profile may be absorbed into the empirically determined 
coefficients or. and K,. 

The release mechanism of Schatzmann means that cc> is likely to be well approxi- 
mated, although the time taken for the flow to develop from the initial cylindrical shape 
to that for the cloud moving down the slope may need to be considered. We discuss this 
later. 

5.3. Dilution of the cloud 

5.3.1. C/ C, against time 
Fig. 2(a) shows how the concentration falls off with arrival time at the various 

on-axis sensors. The data appear to indicate a steeper fall off in time for steeper slopes. 
Also shown in Fig. 2(a) are the model predictions using a single constant value of (Y r K, 
fitted for all the slopes. As discussed earlier, the model asymptotically shows a te3j2 
behaviour which is somewhat steeper than t-” E behaviour which would be obtained for 
slumping on flat ground with an edge entrainment coefficient of era - 0.7 (which is 
generally accepted to optimise fits to field trials, e.g. [61X Judging from the slope of 
Schatzmann’s data, it appears to indicate a more rapid dilution than would be obtained 
for a slumping cylinder on flat ground, although perhaps not as rapid as predicted by the 
wedge model. 

Also evident in Fig. 2(a) is the fact that assuming a constant (Y r K, for all slopes 
leads to the model predicting greater dilution for shallower slopes, whereas Schatzmann’s 
data appear to indicate the converse. This would seem to imply that we should allow 
or K, to increase with increasing slope, as perhaps would be expected from the 
discussion on the expected behaviour of the entrainment coefficient. 
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Fig. 2. (a) Volumetric concentration (normalised to 1 at the source) as a function of time. Schatzmann’s data 
compared with the model for various slopes. The model predictions are with constant entrainment coefficient 
and Froude number for ah slopes. Error bars are standard deviations over five repeats. 0, solid line, 4%; x, 
dashed line, 8.6%; + , dotted line, 11.63%. (b) Volumetric concentration (normalised to 1 at the source) as a 
function of non-dimensional time. Schatzmann’s data (0.4%; x, 8.6%; + , 11.63%) compared with the model 
(solid line) which has an asymptotic T -3/2 dependence at large T. Error bars are standard deviations over five 
repeats. 

Fig. 2(b) shows the same data plotted in non-dimensional form. Here the wedge 
model predictions for all slopes are represented by a single line and the fitted clr K, 
value determines the scatter of data points about this line. For a perfect fit the data 
would also collapse to the line. 
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t (seconds) 

Fig 3 (C/C,)2/3 - 1 as a function of time from Schatzmann’s data (0.4%; x, 8.6%; + , 11.63%). The solid . . 
line represents the best overall fit for all slopes. Error bars are standard deviations over five repeats. 

5.3.2. (C/C,)- 2/3 - I against time 
As an alternative means of viewing the time dependence of the dilution, Fig. 3 shows 

a graph of (C/C,)- 2/3 - 1 against arrival time. If the time dependence from time t = 0 
is as predicted by the wedge model, then a graph of (C/C,,-2/3 - 1 against time 
should be a straight line for each I, each of which should pass through the origin. 

In that the data for each r fall approximately on a straight line, the data appear to be 
consistent with the predicted time dependence. We find that a single line can be fitted to 
agree reasonably well with the data for all the slopes. The best fit single line for all the 
slopes has T, = 0.87 s; this is the line shown in Fig. 3. This implies that a single T, 
value can adequately represent the data within the estimated errors, implying a I’ll3 
dependence of (Y,. K,. However, as mentioned earlier, it may appear that steeper slopes 
lead to more rapid dilution and hence have smaller T,. 

It is clear that the best fit (minimising the x2 statistic) straight lines do not pass 
through the origin (intercept values on the C/ C, axis for fits to each slope are given in 
Table 1). This is to be expected because the initial release geometry is a cylinder and it 
seems reasonable to allow a finite time to develop into a wedge shape. We shall return 
to discuss this later. 

Table 1 
Fitted time scales for the concentration-time data for each slope and for the combined fit for all slopes 

SloDe (%I Time scale Tn (s) Intercept concentrationratio Cj / C, 

4 0.98 0.10 
8.6 0.88 0.17 

11.6 0.62 0.23 
All 0.87 0.15 
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5.4. Advection of the cloud 

39 

5.4.1. Arrival time as a function of distance 
Fig. 4(a) illustrates the on-axis cloud arrival times as a function of distance for each 

slope. The lines on Fig. 4(a) illustrate the model prediction using the constant o_r K, 
from the fit to the concentration data for all slopes (described above) and a value of K, 
to optimise the fit (for all slopes) to the advection data. The model’s capability for 

a 

.‘E 

,,z’ .% 
_*’ E 

_I 
0 0.5 1 1.5 2 2.5 

0 1 2 3 4 5 6 

x,-x,/2T,u,, 
Fig. 4. (a) Centreline cloud arrival time as a function of distance. Schatzmann’s data compared with model 
predictions assuming constant entrainment ar and Froude number K, for all slopes (0, solid line, 4%; x, 
dashed line, 8.6%; +, dotted line, 11.63%). Error bars are standard deviations over five repeats. (b) 
Non-dimensional&d cloud centreline arrival time as a function of non-dimensional distance. The model 
predictions collapse to a single line. 
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Table 2 
Fitted values of entrainment coefficient and Froude number to the concentration and arrival time data. Fits are 
from time t=O 

Slope Entrainment coefficient Frontal Froude number 

All 0.034 0.59 
0.04 0.026 0.56 
0.086 0.035 0.54 
0.1163 0.045 0.67 

representing the slope dependence of the advection of the cloud front is impressive 
given that only a single parameter (K,) has been fitted. 

With the Froude number K, determined, the entrainment coefficient a r follows from 
CY~ K/K,. Table 2 gives the values determined for the entrainment coefficient and 
Froude number obtained by fitting to all slopes (as described above) and to each slope 
individually. Overall, an entrainment coefficient of 0.034 and a Froude number of 0.59 
are found to be optimum (to minimize the x2 statistic). If each slope is fitted 
individually, then the model gives closer agreement with the data (particularly for the 
dilution of the cloud) largely by virtue of fitting a smaller number of points using more 
parameters. The results from these individual fits appear to indicate an entrainment 
coefficient increasing with increasing slope and a Froude number which remains fairly 
constant, although because of the limited available data we are unable to state whether 
this trend is statistically significant. Note that all the above results idealise the wedge 
model as applying from t = 0, with no initial dilution. 

An alternative view is shown in Fig. 4(b), which has been non-dimensionalised such 
that the data for all slopes should collapse onto one curve. 

Table 3 shows a comparison of the predicted and observed arrival times at each of the 
sensors. 

Table 3 
Mean arrival times from Schatzmann’s data compared with model predictions 

Sensor position (mm) Arrival time (s) 

(61,30,0.00) 
61.30,22.91) 

(61.30,45.98) 
(61.30,76.63) 
(122.61,O.oO) 

(122.61,22.91) 
(122.61,76.63) 

(183.91,O.OO) 
(183.91,38.32) 

4% slope 

experiment 

2.3(l) 

3.9(2) 
10.0(3) 
10.3(7) 

18.47) 
17.8(10) 
22.418) 

model 

2.65 
2.76 
3.09 
3.96 
8.80 
8.93 

10.28 
18.20 
18.59 

8.6% slope 

experiment 

1.86(8) 
_ 

3.3(l) 
9.3(5) 
5.8(2) 

12.8(4) 
10.9(4) 
12.5(6) 

model 

1.79 
1.87 
2.19 

5.24 
5.35 
6.74 

10.21 
10.57 

11.63% slope 

experiment model 

1.65(6) 1.54 
1.88(4) 1.63 
2.8(l) 1.98 

4.5(3) 4.34 
4.8(2) 4.45 

6.06 
8.d4) 8.26 

10.2(7) 8.61 

Mean arrival time from Schatzmann’s data for both on- and off-axis sensors. The bracketed numbers indicate 
the standard deviations over the five repeats. A dash (-) indicates that no value is available for that sensor 
position. The model predictions are those with constant (Y,- = 0.034 and K, = 0.59. 
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5.4.2. Advection velocity of the cloud 
An alternative means of estimating the frontal Froude number is from the cloud 

frontal velocity; this is of necessity fairly indirect as velocity is not measured directly in 
Schatzmann’s data and must be inferred from the arrival times at the sensors. 

We estimate the front velocity U, (by interpolation) at the arrival time at a given 
sensor, and from the concentration measurements we estimate the cloud volume V at 
this time. Hence the Froude number K, follows from the relationship 

u =K fi-V6rV3 
f f 6 

Table 4 shows the Froude number for each slope estimated in this way, together with 
the mean value for all slopes. This method of estimating Froude number has the 
advantage that it is independent of the entrainment model’s ability to predict the cloud 
size correctly, as the concentration measurements rather than concentration predictions 
are used directly. 

The Froude number determined in this way appears to be fairly constant over all the 
slopes with a mean value of 0.65-this is consistent with the value obtained from fitting 
to the arrival time-distance data as shown in Table 2. 

5.5. Summary of the comparison of the model with data 

5.5.1. Dilution of the cloud 
Summarising the above results we find 
Steeper slopes appear to lead to more rapid (in time) dilution, although a single time 
scale for all slopes is also consistent with the data. 
The data are consistent with a t- 3/2 time dependence predicted by the wedge model 
for concentration. 
Initial dilution of the cloud is indicated which is not accounted for by the wedge 
model. 
Individual fits to each slope appear to indicate that cx r K, increases more rapidly than 
l?‘13. This, together with the observation from the advection analysis that the Froude 

Table 4 
Estimated Froude number from velocity determination and concentration data 

Slope Position (m) Velocity (m s- ‘) Froude number 

0.04 0.613 0.163 0.70 
1.226 0.079 0.52 

0.086 0.613 0.230 0.69 
1.226 0.138 0.57 

0.1163 0.613 0.279 0.75 
1.226 0.195 0.70 

Mean 0.65 



42 GA. Tickle/Journal of Hazardous Materials 49 (1996) 29-47 

number appears approximately independent of slope, indicates that the entrainment 
coefficient of the model may increase with increasing slope, although this depen- 
dence appears fairly weak. 

. The value of the entrainment coefficient (based on the top area of the cloud) is small 
compared with 1 (typically around 0.03). 

5.5.2. Advection of the cloud 
The main results are 

?? As expected, steeper slopes lead to a larger velocity for the front of the cloud. 
. The data exhibits deceleration of the cloud frontal speed with distance. 
* The position of the cloud front is consistent with the t’/’ dependence predicted by 

the wedge model. 
. A constant Froude number (of 0.59) fits the data well if one assumes a constant 

entrainment coefficient of 0.034 for all slopes. 
- If the Froude number is allowed to vary with slope together with the entrainment 

coefficient, the best fit indicates that the Froude number increases with slope (from 
around 0.5 to 0.7 over the range of slopes considered), although the x2 values for the 
fits are not as good as assuming constant coefficients. 

5.6. Cloud shape 

The off-axis arrival times are given in Table 3, where they may be compared with the 
model predictions. The off-axis predictions are not as good as on-axis, particularly at 
large off-axis distances compared with the (expected) size of the cloud. In general the 
model predicts the cloud arrives off-axis too soon compared with the data. This implies 
that the cloud front may be more curved than predicted by the wedge model and that the 
trailing material moves at a lower velocity. 

5.7. Formation of the wedge shaped cloud 

As mentioned above, the data indicate that the wedge model is probably not 
consistent with the observed dilution from t = 0, although it may be consistent for 
dilution subsequent to a short initial phase. It would be useful if we could estimate the 
dilution and duration of this initial phase. From the data (see Fig. 3 and Table 1) it 
appears that the initial dilution and the dilution time decrease with increasing slope. 

Consistent with this we have attempted to estimate the initial wedge conditions using 
the following approach. 
?? The spread and dilution of the cloud are modelled initially as a slumping cylinder on 

flat ground so long as the cloud height H * TR, where R is the radius of the cloud. 
?? When H = TR we convert the cloud from a cylindrical shape to a wedge shape by 

conserving the cloud concentration and (arbitrarily) the cloud front position. 
In this way we estimate the initial concentration and time for starting the wedge 

model. This will introduce a slope and an initial aspect ratio dependence to the volume 
V,, in the above wedge equations and also the time delay t,. 
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Applying a cylindrical box model with only edge entrainment, we find that the initial 
volume of the wedge solution becomes 

VO f ( 1 
-2a,/(3-2a,) 

a0 
(15) 

where (~a is an edge entrainment coefficient and a, is the initial aspect ratio of the 
cylinder (defined as Ho/R,). 

The time delay to is 

where K, is the Froude number for the cylindrical spreading (= 1.07 from Thomey 
Island trials [61X 

The effect of the above is that there will be more initial dilution for shallower slopes 
and a longer time delay before the wedge is assumed. For the 4% slope this model 
indicates an initial dilution to C/C, of approximately 0.06 and a time delay of the 
order of 1 s, whereas for the 11.63% slope we find an initial dilution of 0.15 and a time 
delay of 0.2 s. These figures are consistent with the observed initial dilutions as shown 
in Fig. 3. 

Allowing for this initial dilution phase, we can repeat the fits for entrainment 
coefficient and Froude number. The resultant model coefficients are given in Table 5. 

It can be seen that the effect of allowing for the initial dilution is to decrease the 
entrainment coefficient and to increase the Froude number. The enhanced initial dilution 
for the 4% slope shows the most marked effect-this is because the cloud must slump 
further before the backedge touches the ground. It can also be seen that the fitted Froude 
number shows greater variation and we find that the x2 value for the advection data is 
not as good as for the data when the initial dilution phase was ignored. So the early time 
fit to the concentration data is improved at the expense of the advection fit. 

Table 5 
Fitted values of entrainment coeffkient and Froude number to the concentration and arrival time data. Fits 
allow for the initial dilution of the cylinder as described in the text 

Slope Entrainment coefficient Frontal Froude number 

All 0.016 0.80 
0.04 0.009 1.03 
0.086 0.018 0.69 
0.1163 0.025 0.79 
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5.8. The experiments of Flacher et al. [5] 

During the course of this study we became aware of experimantal ork undertaken 
recently ([5]) also investigating the motion of an instantaneously released cloud on 
uniform slopes. The work complements Schatzmann’s, although at the time of writing 
no concentration measurements were available. Freon and argon were released instanta- 
neously at differing aspect ratios and volumes on various slopes, including slopes 
identical to Schatzmann’s. The scale of the releases was slightly larger than Schatz- 
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Fig. 5. (a)-(c) A comparison of the model with the measurements of Flacher et al. [5] (0) and Schatzmann et 
al. [4] (0) for three different slopes. The graphs are reproduced from Flacher et al. with the model predictions 
superimposed. The non-dimensionalisation is that of Flacher et al. t, 
and T = (L/g;)“‘. 

= t/T and x* =X,/L with L=Vd13 
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Fig. 6. A comparison of the model with the measurements of Flacher et al. [5] for releases of (0) Freon and 
(0) argon on a slope of gradient 18%. The graphs are reproduced from Flacher et al. with the model 
predictions superimposed. The non-dimensionalisation is that of Flacher et al. t ~ = t/T and x, = X, /L with 
L = Vd13 and T = (L/gb)“*. The difference between the argon and Freon data may indicate an influence of 
the Reynolds number on the flow. 

mann’s, although generally measurements were at smaller non-dimensional distances 
and times. The position of the cloud front as a function of time was determined from 
video records. 

Flacher’s data, when put into non-dimensional form, appear to be generally consistent 
with Schatzmamr’s, although there does appear to be a slight tendency to higher 
(non-dimensional) advection velocities. The non-dimensionalisation in Fig. 5(a)-(c) and 
Fig. 6 is that of Flacher based upon L = Vdi3 and T = L/g;. Fig. 5(a)-(c) illustrates 
Flacher’s data for Freon together with Schatzmann’s and our model predictions (with 
slope independent entrainment coefficient and Froude number as determined from 
Schatzmann’s data) for the three slopes studied here. 

Also shown is our model prediction for an 18% slope compared with Flacher’s data 
(Fig. 6). The agreement with Freon measurements appears to be remarkably good, given 
that we have not adjusted any coefficients for this slope (the entrainment coefficient and 
the Froude number have been given the values 0.034 and 0.59 respectively). The 
agreement may be fortunate given that a closer comparison of the shallower slopes 
indicates that the model with the above coefficients advects the cloud too slowly as 
compared with Flacher’s data. 

The failure of the argon data to collapse to the same curve in Fig. 6 is not understood. 
One possibility is that we should also consider p/p, as a parameter, although we might 
expect this to have little effect once the cloud has diluted sufficiently. Flacher indicates 
that there may be some Reynolds number dependence by virtue of the higher viscosity 
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of argon, although like p/p, we would expect this to have little effect once the cloud 
has diluted sufficiently. 

6. Concluding remarks 

We have shown how the wedge shaped cloud model of Webber et al. may be 
extended by the addition of an entrainment model. The main predictions of the 
entraining wedge model are that the concentration falls off with time as t-‘12, and that 
the position of the cloud front varies as t ‘12. Experimental data appear to be broadly 
consistent with these predictions. 

The model has two free parameters which need to be determined by experiment-the 
entrainment coefficient Q r and the frontal Froude number K,. This is made more 
complicated by the fact that in principle both of these parameters may be slope 
dependent and that only limited data are available. This makes validation of the model 
against independent data almost impossible at present. Fitting these parameters to the 
data of Schatzmann indicates that good agreement for advection can be obtained by 
neglecting the slope dependence, but the concentration data seem to require that the 
product or K, increases with slope F more rapidly than I”13. The entrainment 
coefficients obtained are small compared with 1 (typically around 0.03) and the Froude 
number appears to be around 0.6. 

It also appears that initially the cloud dilution may be closer to that for a slumping 
cylinder. This is consistent with the spreading behaviour of one-dimensional shallow 
water model predictions ([3]), although of course these neglected dilution. 

The conclusions of this study must remain tentative until there are more data with 
which to validate (or invalidate) the model. Good quality data of both the motion and the 
dilution of the cloud is required in order to validate this model. 

Here we have only considered the case of zero ambient wind. We might consider 
adding terms which account for the wind; for example, it has been suggested that we 
might vectorially add the windspeed to the advection induced by the slope. But 
fundamental questions remain, as it is unlikely that when such influences are present the 
cloud will be able to maintain the wedge geometry that it might have in zero wind. Also, 
the model essentially considers only a balance of forces arising from resistance due to 
displaced air at the front of the cloud, whereas for very shallow slopes surface friction 
may come into play. These questions should be answered before one can have complete 
confidence in the application of such a model to hazard analysis. 
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